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Motion of Charged Particles
The equation of motion for charged particles with mass m and charge ¢ reads
dr dv q v
E—’U, g—E(E-FEXB) (1)
Uniform and static B field, no E field
In this simplest situation, let B = Bz, the equation of motion is
B
T=Qy, §=-Q&, z=-const, where 0 = 20 (2)
me
The particle orbit can be easily solved
vl vy
x(t) = q sin(Qt + o) +zo ,  y(t) = q cos(Qt +a) +yo, z(t) =vt+ 20, (3)

where «, o, yo, 20, together with v and v are determined from initial conditions.

The motion of the particle is thus a superposition of motion along B at constant velocity v and
circular motion around the guiding center, R, = (2o, y0, 20 + v||t) at a constant velocity v, . The radius
of the circle, r, = v, /||, is known as the Larmor radius or gyro-radius. The phase of the circular
motion, ¢(t) = Qt + «, is called the gyro-phase. Particle pitch angle 6 is defined as the angle between
particle velocity and magnetic field, and we have tan® = v /v). The sense of gyration is left-handed
about B for ions, and is right-handed for electrons. We also emphasize that for particle gyro-motion in
a constant field, the guiding center is tied to a fixed field line and can not cross to other field lines.

The discussions above are easily generalized to the relativistic regime by simply replacing m by ym,
where v = (1 — v?/c?)~/? is the Lorentz factor in observer’s frame, and the + factor can be absorbed

into €. Its absolute value is called the gyro-frequency, or Larmor frequency, denoted by €27. Note that

in the relativistic regime, gyro-frequency only depends on particle energy irrespective of rest mass. The

non-relativistic version of )7, is also called the cyclotron frequency, denoted by €2.. We mostly deal with

non-relativistic particles in this course.
Gyro-frequency and gyro-radius are of fundamental importance in plasma physics. For reference, we
list below the gyro-frequency for electrons €2, and ions €2; in physical units
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In astrophysics, particle energy is typically measured in eV. Assuming v = 0, for non-relativistic particles,

Larmor radii for electrons and ions are
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For relativistic particles (e.g., cosmic-rays), the gyro-radius is only dependent on energy

E B\ ' s E B\ "

These numbers are useful to be kept in mind.

Plasma diamagnetism

Gyro-motion of an individual particle is associated with a microscopic current. The mean current

averaged over one gyration period is I = (quvy)/(27ry), and its circular motion gives a magnetic moment

I 2y, Mot
c 2B

b=—ub. (7)

Note that p is a vector anti-aligned with the magnetic field (where b is the unit vector along B), and
is independent of sign of particle charge. It is anti-aligned because ion (electron) gyration is left (right)
handed. In this sense, gyration of charged particle around magnetic field is diamagnetic: it tends to
produce a magnetic field that reduces the background field.

With a large number of particles, their gyro-motion as a whole gives a magnetization

Wy

B, (8)

where n is particle number density, W, = mv? /2 denotes the mean perpendicular kinetic energy of the

particles. Note that M has the same dimension as B. This magnetization produces a current density
Jm=cV x M, 9)
which is called the magnetization current. The total current is
J:ivXB:J,»Jer:JfHVXM, (10)

where J; is the current from free charges (due to systematic particle motion) that will be discussed later.
Also recall that it is conventional to define the auxiliary field H = B—4wM, so that J; = (¢/47)V x H.

Uniform and static B, E field

Further introducing a constant electric field E, the equation of motion (1) can be rearranged into

dv' ¢ v’
—=—|E+— xB 11
dt m( ”+C>< )’ (11)
where
v ExB
vV=v—vg, -—= 5 (12)

Velocity vg is known as the E x B drift velocity. Particles follow a gyro-motion superposed to the

motion of the guiding center, and the latter consists of a constant drift at vg due to perpendicular
electric field F , and a constant acceleration along magnetic field due to parallel electric field E).
Two points are worth mentioning about the F x B drift. First, the drift velocity is independent

of particle charge, thus it does not produce net current. Second, when E/B reaches or exceeds 1, the



notion of E x B drift fails. In this case, particles are constantly accelerated by E to relativistic velocities,
accompanied by increase in their inertia, which was ignored in the derivation above. Unless additional
energy loss balances acceleration, particles can never complete a single cycle of gyration.

By the same analogy, particles subject to an external force F', such as gravity, will undergo a systematic
drift perpendicular F and B, at a drift velocity vp = (F x B/qB?)c. Note that if this force F is
independent of sign of charge, then electrons and ions drift towards opposite directions, creating a current.

This is also particularly useful for understanding additional drift effects to be discussed below.

Inhomogeneous B, E field

In practice, electromagnetic fields are spatially non-uniform and time varying. If particle gyration
time is much shorter than the timescale that fields vary, and particle gyro-radius is much smaller than the
spatial scale where fields vary, it is convenient to somewhat neglect the rapid gyration but focus on the
motion of the guiding center. The inhomogeneities in background electromagnetic field would introduce
small net forces after averaging over particle gyro-phase, leading to slow drift of the guiding center across
magnetic field lines.

We decompose particle trajectory into motion of the guiding center, denoted by R, together with
gyro-motion, which is offset from the guiding center by 7. Particle velocity consists of the velocity of the
guiding center V4, together with gyro-motion with velocity v;,. They satisfy the condition that averaged
over gyro-phase, (r;) = 0, (vy) = 0, and both are perpendicular to magnetic field. The equation of
motion now reads

dV, dvp q (Vg +wvr)
dt dt  m B(Ry+ru,t)+ c <B

(Ry +71,1)] - (13)

To the zeroth order, averaging over particle gyro-phase, particle guiding center motion follows

v
0=E(Ry.t) + — x B(Ry,1) = VIO (t) = vb(t) + vE(t) . (14)

Note that we have assumed that E L B, which is generally the case in a plasma.
We then proceed to the next order, where we expand the electromagnetic fields to the first order in
rr, and (t — tg), and average over gyro-phase. Note that the time variation in V_EJO) is also considered to

be of first order. In the expansion, any term that is linear in 77, and vy averages to zero, leading to

av® 1/ v
29 4/ ZL ) g
7 K Pl (rr VB)>+ . X B(Rgy,t)| , (15)

where the bracket represents phase-averaging, and we obtain after some algebra

<’UL X (’l"L . VB)> = Q<(’I‘L X b) X (’I’L . VB)>

=Qry - (rr-VB)b) — (b-(r. - VB)ry) (16)
=Q(rrry) : (VB)b— (rpry)- VB = —%VB ,
where we have used the fact that 2
(rprp) = 2—520 —bb) , (17)



with | being the identity tensor, and | - VB = V - B = 0. Thus, the first order equation of motion is

1 db dvg dy q 1)
Popio@ e Dy 9y BR, ¢ 1
m Ul dt dt mc[ g X B(Rg,t)], (18)

where = mvi /2B is magnetic moment.
Let us for now focus on the perpendicular component of Equation (18). Solution to this equation

gives the first order drift velocity of the guiding center
1
ViD= —bx <%v3+v”—+—) : (19)

The three terms on the right hand side are called grad B drift, inertial drift, polarization drift, respectively.
Interpretation of their physical origins is straightforward and discussed below.

Grad B drift occurs in the presence of a gradient in magnetic field strength. When this gradient is
perpendicular to B, this drift is due to the fact that particle curvature radius varies slightly across one
cycle of gyration due to magnetic field gradient. Another way to understand this is that the centripetal
force experienced by the particle does not average to zero within one cycle of gyro-motion. The mean
force is (F') «« —V B, given by the term in the bracket in Equation (15), which leads to a drift along the
direction of —VB x B.

For inertial drift, we can first rewrite and expand db/dt using zeroth order velocity

% = % + [(v||b+vE) . V]bz {% + (’UE . V)b:| + (’U||b' V)b . (20)

Usually, the last term dominates, and the resulting drift motion is called curvature drift. It occurs when
magnetic field is not straight, hence particle guiding center follows the curvy geometry of the field. In
particular, note that

b-Vb=rx=1/R. . (21)

This motion must be driven by a centripetal force F' o< db/dt, which is in fact provided by the Lorentz
force due to curvature drift itself F' = qv. x B/c, where v, denotes curvature drift velocity. Equivalently,
in the frame of guiding center motion, particle is subject to a centrifugal force F' o« —db/dt. The curvature
drift is along the direction of F' x B.

Polarization drift can be understood as due to a time-varying electric field perpendicular to magnetic

field. Suppose sush an electric field is instantaneously applied, it first accelerates electrons and ions
towards opposite directions, before both species are picked up by a common F x B drift velocity. Because
ions have much larger Larmor radius, displacement of the ions greatly exceeds that of the electrons,
creating an initial polarization of the plasma medium. If the electric field varies continuously in time,
the result is a slow drift of electrons and ions in opposite directions that yields a constant change of
polarization in the plasma. This current is particularly relevant in plasma waves.

It is worth mentioning that for the three forms of particle drift discussed above, positively and neg-
atively charged particles drift to opposite directions, producing a current. Moreover, the guiding center

of particles migrate across field lines, leading to diffusion.

Plasma current and perpendicular force balance




Plasma current has three constituents. A streaming current along the magnetic field, a magnetization
current discussed earlier, and a current due to drifts. The latter two are perpendicular to magnetic fields.
Let us focus on this perpendicular component and discuss the role they play in plasma force balance.

For simplicity, we consider a situation where the plasma is in equilibrium, with all field lines being
straight along 2, and has a gradient along . The plasma is also uniform in 2. Such a field configuration
has a current density

c ¢ 0B .

Jtot:EVXBzga—y(E. (22)

This current must be supplied by the plasma. One source of current is from particle drift. The only drift

motion in this field configuration is the grad-B drift, which yields a current

ng Wy nW, 0B,
Jr=—b ——~VB|=-—-—"——c—7%. 23
r=at (mB > B2 © Ay * (23)
In addition, there is the magnetization current
I = —cV x @%b) = —ca% <”‘g¢>@ . (24)
Their sum must equal to Jiet, and we obtain
c OB c O(nWy) .
Jit=——=Js+Jdy =—=—F7""2. 25
T A By * £+ B 0y * (25)
Note that nW is just perpendicular pressure P, of the plasma. This equation can be rewritten as
0 B?
— P — ) =0. 26
5y< L 87T> (26)

This means that variations in magnetic pressure must be compensated by perpendicular pressure from
the plasma. Overall, from microscopic particle gyro-motion, we have arrived at a macroscopic equation

of force balance. This will be elaborated further when we discuss magnetohydrodynamics.

Magnetic mirrors

Let us consider the component parallel to magnetic field in Equation (18), and simply obtain

%(mv”) =—u(b-VB). (27)

The right hand side is non-zero when magnetic flux converges or diverges along the field lines. This is
called the magnetic mirror force, for reasons to become clear shortly.

In the absence of parallel electric field, the Lorentz force does not do work on the particles, and hence
particle kinetic energy is conserved. Thus ’Uﬁ + ’Ui is constant

d [ v? Uﬁ d [ v? V2
dt<2+2) dt<2) 25 )

_d ot ’UQB_d v _ ldp
Tde\ 2 2 B dt\2B) mdt"’

Therefore, magnetic moment p is conserved. The same derivation is applicable to relativistic particles as

(28)

well (since v = const).



Although our derivation above has assumed no parallel acceleration and no time dependence, con-
servation of magnetic moment in fact still holds in such general cases, as long as magnetic fields and/or

external forces vary much slower than particle gyro-time. Therefore, i is called an adiabatic invariant.

Magnetic moment conservation leads to the concept of magnetic mirrors: for a magnetic field config-

uration where field lines converge towards a narrow area, particles moving towards the converging region
tend to get reflected. This is exactly a consequence of energy conservation and p conservation. A classic
construction of magnetic mirrors is by placing two Helmholtz coils, which generates a “magnetic bottle”
configuration.

Let By and Byax be the minimum and maximum field strength in the magnetic bottle, which corre-
spond to field strength at the center and bottleneck, and 6y be the particle pitch angle at the senter. At

other positions with field strength B, we have the relation from energy and p conservation

1Bo B
E. = = . 29
i sin®0y  sin®0 (29)

Since sin 6 < 1, the maximum field strength a particle can reach is simply By = By/ sin? 0o. If Bpax > Bi,

then the particle must be reflected before reaching the bottleneck.

Adiabatic invariants

When there is a periodicity in particle motion (e.g., gyro-motion), there will be an adiabatic invariant

associated with it, as long as the particle trajectory varies very slowly compared with the period of this
motion. It is an approximation to the more fundamental Poincaré Invariant in Hamiltonian mechanics

in the presence of periodicities, and takes the form

I:]{Cp-dq, (30)

where p and g are conjugate canonical variables and the integration is performed along C' in phase space
over the motion period.

In the case of particle gyro-motion, and using ¢ to denote the gyro-phase, we have

B 2m dq
I_A_Op-%d¢. (31)

The canonical momentum for charged particles is p = mv + ¢A/c, where A is the vector potential. For

gyro-motion,

dr = %dgﬁ =hdp,  A(r)~ A(Ry) + (r V)A(R,) . (32)
) Qr

Thus, the action I can be written as

=0 *¢L

I /:W oL {m(vg +op) +qlA+ (r - V)A]/c}qu

(33)
= 27Tmi + 27TL<1)L <(rp - V)A)
QL CQL ’
where angle bracket represents averaging over gyro-phase. The latter term can be rewritten as
2 2 2 2 2
?«m xb)-(ry - V)A) = %b- (rp - V)AxrL) = _$b- %Lv x A= —ﬂmS—J‘ . (34)
L



Thus, we have in the end

I=2mc2y. (35)
q

Namely, the first adiabatic invariant corresponds to the conservation of magnetic moment.
We have seen that an adiabatic invariant is associated with periodic motions. In magnetic mirror traps,

periodic bouncing motion between mirror reflection points introduces a second adiabatic invariant. In

this case, we choose the curve C to be the trajectory of the guiding center along bouncing orbit. Since

the trajectory is along the magnetic field, we simply have

J = %pwls 5 (36)

where the path of integration is along a field line, from the equator to the upper mirror reflection point,
back along the field line to the lower reflection point, and then returning to the equator, ds is the

arc-length along the field line, pj = p - b = mw|| + ¢A|/c. The above expression yields

J = mj{vnds—l— %j{A”dS :mfv|‘d8+ %(I)B s (37)

where ®p is the total magnetic flux enclosed by the bouncing trajectory, which is essentially zero (to
a very good approximation because bouncing motion is much faster than drift in the equatorial plane).

Thus, the second adiabatic invariant, also known as the longitudinal adiabatic invariant takes the form

J = m%vnds . (38)

It should be emphasized that this invariant is only a good approximation if magnetic field varies on
time-scales much longer than the bouncing time 75, which is well satisfied in the Van Allen belts.

In the Earth’s Van Allen belts, particles bouncing between the mirror reflection points near the
poles also undergo curvature and grad B drifts (see problem set). Conservation of J guarantees that

particle must return to the same field line following one cycle of procession. Correspondingly, there is a

third adiabatic invariant associated with this periodic motion. We can define a bounce center associated
with a particle’s bouncing motion between mirror reflection points, which lies in the Earth’s equatorial

plane. We can write the third adiabatic invariant as

K ~ j{p¢ds , (39)

where the path of integration is the trajectory of the bounce center around the Earth, with py = muvy +
qAy/c. The integral is dominated by the second term due to the smallness of the drift velocity vy, which
becomes
q _4q
K ~ —j{A¢ds = —(I)B 5 (40)
c c

where ®p is the total magnetic flux enclosed by the orbit of bounce center motion around the Earth.
Again, ®p is conserved if the Earth’s magnetic field varies more slowly than the drift period 74, which
is on the order of an hour for MeV particles in Van Allen belts. This is only likely the case when the

magnetosphere is relatively quiescent.



